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Let p be a prime and let K denote the field of p-adic numbers. Let q =pm 
be a power of p and let GF(q) denote the finite field with q elements. K has a 
unique unramified extension K, of degree m, whose associated residue class 
field is isomorphic to GF(q). K, is obtained by adjoining a primitive root of 
unity of order q - 1 to K. (For a description of these facts, see, for example, 
Theorem 2, p. 54 and Proposition 16, p. 77 of [S].) 
Now consider the general linear group G = GL(n, q) of degree n over 
GF(q). Part of the purpose of this paper is to show that if we consider 
representations of G over extension fields of K, the field K, is a minimal 
splitting field for G. Similarly, if U = U(n, q*) is the corresponding unitary 
group, the characters of U take values in K,,. Moreover, if p and q are 
sufficiently large, the representations themselves are realizable in K,, and 
are unitary with respect o the involution of K,, over K,. We also discuss 
the number of representations of G and U that are realizable in given 
subfields of Km and K,,. 
Our proofs rely mainly on a well-known permutation lemma of Brauer 
and give no indication of how these K,,,-representations might be constructed 
in practice. We also note here that analogous results on the p-adic represen- 
tations of other classical groups do not appear to hold in complete 
generality. This can already be seen in the case of the group SL(2,p), certain 
of whose irreducible characters take values in a quadratic ramified extension 
of K. 
I. THE GENERAL LINEAR GROUP 
Let G denote the group GL(n, q), with q =p”‘. We recall that any element 
x of G has a unique Jordan decomposition x = x,x, = x,xS, where x, is 
semisimple and x, is unipotent. Let k denote the algebraic closure of GF(q). 
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It is shown in [6, Chap. I, 3.51, that two elements of G are conjugate in G if 
and only if they are conjugate in GL(n, k). The proof uses a theorem of 
Lang, [6. Chap. I, Theorem 2.21, although a more elementary proof using 
linear algebra exists. We will use Lang’s theorem to investigate conjugacy of 
elements in GL(n, k). 
LEMMA 1.1. Let x =x,.x, be an element in GL(n, k). Then x is conjugate 
to an element of GL(n, q) if and only ifx is conjugate to x:x,. 
Proof. We first show that if x belongs to G = GL(n, q), then x is 
conjugate to x:x,, . In the case that x = x, is semisimple, the conjugacy class 
of x in G is determined by the eigenvalues of x, which lie in k. As x has 
entries in GF(q), its eigenvalues are roots of a polynomial with coefficients in 
GF(q) and are therefore permuted among themselves when raised to the 9th 
power under the action of the corresponding Frobenius endomorphism of k. 
Thus x has the same eigenvalues as x4 and so these two elements are 
conjugate in G. 
We now consider the general case. The centralizer Z of x, in G has the 
following structure: it is the semi-direct product of a normal unipotent 
radical and a Levi subgroup L. L is isomorphic to a direct product of 
general linear groups over GF(q). Up to conjugacy in Z, it can be assumed 
that X, is contained in L. Thus x, is conjugate to xF in Z, as the result of the 
previous paragraph applies in L. It follows that x is conjugate to x:x,, in Z 
and hence in G. 
We turn to the converse part of the Lemma. We can assume that x is in 
Jordan form in GL(n, k). Let c be the Frobenius endomorphism of GL(n, k) 
that raises each matrix entry of an element of the group to its 9th power. Our 
hypothesis concerning x implies that x is conjugate to o(x). Thus we have 
? qm ‘xy = u(x) for some 4’. By the theorem of Lang already referred to, 
j’ = z -‘a(z) for some z. If we now put M’ = zxz -I, we have 
a(w) = u(z)a(X)u(z)-’ = u(z)y-‘xyu(z)-’ = w. 
Thus )I’ is fixed by u and must lie in GL(n, q). Since x is conjugate to w, the 
result follows. 
LEMMA 1.2. Let s = x,x, be an element of G = GL(n, q). Then x is 
conjugate in G to x,x~. where r is any integer with (r,p) = 1. 
Proof. It follows from the theory of the Jordan canonical form that any 
unipotent element u is conjugate to its powers u’, whenever (r,p) = 1. Since 
the centralizer of x, in G is a direct product of general linear groups over 
extension fields of GF(q), x, must be conjugate to XL in the centralizer of x,. 
Thus x is conjugate to x,x:, as required. 
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We next assemble various facts about cyclotomic extensions of the field K 
of p-adic numbers. Chapter IV, Section 4, of [5] provides a reference for 
what we need to know. Let E be a primitive sth root of unity and let s = tp’, 
where (t,p) = 1. Let K(E) be the field obtained by adjoining E to K. K(E) is 
the compositum of two fields L,, L,. L, is unramified and is isomorphic to 
K,,, where u is the smallest integer such that t divides p” - 1. L, is totally 
ramified and is obtained by adjoining a primitive path root of unity to K; it 
has degree p’-‘(p - 1) over K. The Galois group of K(E) over K is 
isomorphic to the direct product of a cyclic group of order L’ and the 
multiplicative group of the ring of integers module p’. 
If we now take s to be the exponent of GL(n, q), the values of the 
characters of the group lie in K(E). We intend to show that the character 
values lie in L,, and then that they actually lie in the subfield isomorphic to 
K,. Moreover, K, is a splitting field for G. 
THEOREM 1.1. Let q=pm, where p is a prime, and let K, denote the 
unramified extension of degree m of the j?eld K of p-adic numbers. Let G be 
the group GL(n, q). Then the absolutely irreducible characters of G take 
values in K, and the corresponding representations are defined over K,. 
Proof We take E to be a primitive sth root of unity, where s is the 
exponent of G. Let L = K(E) and let L, be the subfield of L that is 
isomorphic to K,,. The Galois group H of L over L, is isomorphic to the 
unit group of integers modulo pa, and the action of an automorphism u of H 
on c is given by O(E) = E’, where (r,p) = I and r = 1 (mod t). 
The group H acts on the characters of G in an obvious manner. It also 
acts on the classes of G, the element (T of H taking the class of x to the class 
of x”. These two actions can be studied with the aid of Brauer’s permutation 
lemma, [ 2, Sect. 121. We have xr =x:x: =X,X:, since x, has order dividing 
t. Lemma 1.2 shows that’ x is conjugate to xr and so H fixes all the classes of 
G. It therefore fixes all the characters, by the permutation lemma, and so the 
characters must take values in L,. 
The field L, is generated over K by c = Pa and the corresponding Galois 
group M is generated by the automorphism 7 sending 6 to [“. As before, M 
acts on the characters and classes of G, and 7 takes the class of x to the class 
of x:x,. It follows from Lemma 1.1 that rm fixes all the classes of G and 
hence all the characters of G. Since the fixed field of 7”’ is K,, we see that 
all characters take values in K,. Now it is shown by Zelevinsky in [7, 
Section 12.61, that the Schur index over the rational numbers of any 
irreducible character of G is 1. Thus, since all characters take values in K,, 
the corresponding representations can be defined over K,. This completes 
the proof. 
It can also be shown that GF(q) is a splitting field for the irreducible 
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representations of G over fields of characteristic p. This follows from the 
facts that any semisimple element x is conjugate to x9 and Schur indices 
over finite fields are trivial. 
Given an (absolutely) irreducible GF(q)-representation of G, the 
corresponding principal indecomposable representation of G is also defined 
over GF(q). This indecomposable representation can be lifted to a K,- 
representation of G by the process of lifting idempotents, as described in [ 1, 
77.41. Thus we have a source of K,-representations, but these are likely to 
contain several irreducible components. 
We also note that in [3 J, Lusztig described an irreducible representation 
that can be used to obtain an explicit model for the Brauer lifting of the 
natural representation of degree n of G over GE(q). This representation can 
be defined over K, and is important in the construction of all representations 
of G. 
Another application of the permutation lemma yields information about 
the number of representations of GL(n, q) realizable in subfields of K,. 
THEOREM 1.3. Let r be a divisor of m. The number of irreducible 
representations of G = GL(n,p”) that are realizable in K, equals the number 
of classes of GL(n,p”). 
Proof. Following the notation used in the proof of Theorem 1.1, a 
character of G takes values in K, precisely when it is fixed by rr. The class 
of G containing x is fixed by rr if and only if x is conjugate to x~~x,,. 
Lemma 1.1 shows that classes with this property are those that contain a 
representative in GL(n. p’). Since the classes of the subgroup GL(n,p’) 
remain distinct in G and are all fixed by r’, it is clear that the number of 
irreducible characters of G with values in K, equals the number of classes in 
GL(n,p’). Since the Schur indices of characters of G are 1, a K,-valued 
character of G is realizable in K,. This completes the proof. 
II. THE UNITARY GROUP 
Let U = U(n, q’) denote the unitary group with entries in GF(q’). It is 
shown in (6, Chap. I, 3.51, that two elements of CT are conjugate in U if and 
only if they are conjugate in GL(n, k). The next lemma is an analogue of 
Lemma 1.1 and can be proved using Lang’s theorem. We will omit the proof 
as it is similar to that of Lemma 1.1. 
LEMMA 2.1. Let x be an element of GL(n, k). Then x is conjugate to an 
element of U = U(n, q’) if and only if x is conjugate to XEROX,. 
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We also have an analogue of Lemma 1.2, whose proof is also omitted, as 
it follows from Lemma 1.2 and our remarks at the beginning of this section. 
LEMMA 2.2. Let x=x,x, be an element of U = U(n, 4’). Then x is 
conjugate in U to x,x: MTheneaer (r,p) = 1. 
The next theorem now follows by imitating the proof of Theorem 1.1. 
THEOREM 2.1. The irreducible characters of U(n, q’), q =pm, take 
tlalues in the field Kzm. 
We now discuss the problem of whether the representations of U can be 
realized over K?,. Although U may have characters of Schur index 2, it is a 
consequence of Theorem 7 of [4] that if p and q are sufficiently large, all 
characters of U have Schur index 1 over K,,. Thus we have the following 
theorem. 
THEOREM 2.2. Let q = p” and let U = U(n, 4’). If p and q are 
sufficiently large, the absolutely irreducible characteristic 0 representations of 
U are realizable in K?,,,. 
The field Kzm has an involution whose fixed field is K,. We can therefore 
consider hermitian forms over K,, with respect to this involution. It is 
known in the case of local fields such as K,, that the rank and determinant 
of the hermitian form describe its equivalence class. Now the norm map N 
from the units of K2,,, to the units of K, is surjective (see [5, p. 821). Since 
the rational prime p is not a norm, the factor group Kz/iV(K,*,) has order 2. 
It follows that there are two equivalence classes of non-singular hermitian 
forms of any given degree over Kz,, with determinants 1 and p. In odd 
dimensions, the forms differ only by a scalar multiple and so the 
corresponding unitary groups are isomorphic. In even dimensions, the groups 
are easily seen to be non-isomorphic. 
Given a representation R of a finite group H over K2,,,, we can define a 
new representation R* of H, where we apply the involution of K?,,, to the 
transpose-inverse of R. We observe the following criterion for calculating the 
character of R*. 
LEMMA 2.3. Let the character of R be x and the character of I* be 8. 
Let x be an element of H with x = yz = zy, where y is the p’-part of x, z the 
p-part. Then B(x) = x( y -4z - I). 
In the case that R is absolutely irreducible and t? =x, R is equivalent to 
R*. A standard argument using Schui’s Lemma then shows that R is 
equivalent to a unitary representation over K,,. We can now apply these 
ideas to study the representations of U over K,,. 
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THEOREM 2.3. Let q =p”, where p is a prime. Assume that p and q are 
sufJciently large. Then all irreducible representations of U = U(n, q2) are 
equivalent to unitary representations over Kzm. 
Proof. We have seen that if p and q are sufficiently large, the absolutely 
irreducible representations of I/ are realizable in K,,. By Lemmas 2.1 and 
2.2 an element x of Ii is conjugate to x,~x;‘. It follows from Lemma 2.3, 
and the remarks following it. that all representations of U must be unitary 
over Kz,. This completes the proof. 
We know that the irreducible representations of GL(n, q’) are realizable in 
K-,,. We can ask how many of these representations are equivalent to 
unitary representations. The next theorem provides the answer. 
THEOREM 2.4. Let p be a prime and let q = pm. The number of 
irreducible Kz,-representations of G = GL(n, q2) that are equivalent to 
unitary Kzn,- representations equals the number of conjugacy classes in 
u = U(n, q?). 
ProoJ Taking account of Lemma 2.3. Brauer’s permutation lemma 
implies that the number of unitary representations of G equals the number of 
classes for which a representative x is conjugate to x;‘x; ‘. Since x is 
conjugate to x,x; ‘, we need x to be conjugate to x;~x,. But Lemma 2.1 
shows that x is conjugate to xYm9 x, prec’sely when its class contains an 
element of U. Since the classes of I/ remain distinct in G, the result follows. 
As a final application of these ideas, we ask how many characters of U 
take values in K,. rather than Kz,. We first characterize the characters that 
take values in K,. using the same type of criterion as in Lemma 2.3. 
LEMMA 2.4. Let x be an irreducible character of U = U(n, q2) and let x 
be an)’ element of U. Then x takes values in K, if and only if,y(x) =x(x:x,). 
THEOREM 2.5. The number of K,-valued irreducible characters of U 
equals the number of real classes in U. The K,-valued characters are 
characters of representations equivalent to their contragredients but they are 
not in general realizable in K,. 
ProoJ: It follows from Lemma 2.4 and Brauer’s permutation lemma that 
the number of Km-characters equals the number of classes for which a 
representative x is conjugate to x:x,. But since x is always conjugate to 
.K<-?K; ‘, we see that such an .K is conjugate to x-‘. Conversely, if x is 
conjugate to XV’, it is also conjugate to x:x,. Thus the number of 
irreducible Km-characters equals the number of real classes of U. 
The arguments that we have used show that x(x) =x(x-‘) for a K,- 
character of U. It is well known that in this case x is the character of a 
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representation that is equivalent to its contragredient. Theorem 8 of [4] 
shows that the group U(2,$) has a unique rational-valued irreducible 
character that is not realizable over the real field. The character has degree 
q - 1 and its Schur index over the field of p-adic numbers is equal to 2. 
Thus. if we restrict to the case where q =p is a prime, we have an example 
of an irreducible representation whose character belongs to K, (the field of p- 
adic numbers) but which is not itself realizable over K,. This completes the 
proof. 
Theorem 2.3 predicts the existence of a U-invariant hermitian form 
associated with each irreducible Kz,,-representation of U. We have not 
discussed the problem of deciding to which of the two equivalence classes of 
hermitian forms the invariant form belongs (the problem only arises in the 
case of representations of even degree). In this connection, the representation 
of U(2, q’) of degree q - 1 described in Theorem 2.5 exhibits interesting 
properties. It can be shown that if q = 1 (mod 4). the hermitian form can be 
taken to have determinant 1, whereas if q = 3 (mod 4) it can be taken to 
have determinant p. 
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